12.3 The Normal and Binomial Vectors, Curvature, and

Torsion

e Curvature: the rate at which T turns per unit of length
along the curve.

Definition

If T is the unit tangent vector of a smooth curve, the curvature K

is defined as
dT

ds

Q If |dT/ds| is large, T turns sharply.
@ If |[dT/ds| is small, T turns more slowly.



@ In a practical way, we use the following formula: if u(t) is a
smooth curve, then curvature is

1 dT(t)’
k(t) = —; ’
|gu|| dt

Example4:

The curvature of a straight line is zero, since on a straight line the
unit tangent vector T has the same direction.

Prove that the curvature of a circle of radius a is 1/a.

For the vector valued function u,
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Example6:

Find the curvature of u(t) = (t,t2,t3) for any t >0 and at the
point (1,1,1).

@ We can apply the previous Theorem to the scalar function
y = f(x). Letting u(x) = (x, f(x),0) we can have
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Find the curvature of the parabola f(x) = x? at x=0, -1, —2.




@ The Principal unit Normal Vectors:
T'(t)
N(t) = = —
T'(t)]
@ The Binormal Vectors:

B(t) = T(t) x N(¢).

© The Normal plane: determined by the vectors N and B.
@ The Osculating plane: determined by the vectors T and N.

© The Osculating circle: better approximation at certain
points than the linear approximation

Example8:

Find the equations of the normal plane and osculating plane of the
helix at point P(1,0,0):

r(t) = (cost)i+ (sint)j+ tk.
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@ Circle of Curvature for curves on a plane: for k¥ # 0 circle of
Curvature (osculating circle) at a point P on a plane is the
circle in the plane of the curve that

has the same tangent line as the curve does

has the same curvature as the curve does at P.

000

lies toward the concave or inner side of the curve.

@ The radius of curvature of the curve at P is the radius of the
circle of the curvature:

. 1
Radius of curvature of the curve = P

Example 9:

1. Find and graph the osculating circle of the parabola y = x? at
the origin.
2. Find and graph the osculating circle of the parabola y = —x? at

(-1/2,—1/4).




