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Qutline of Chapter 15

Vector Fields

Line Integrals

The Fundamental Theorem for Line Integrals
Green’s Theorem

Parametric Surfaces and Surface Area
Surface Integrals

Stokes’ Theorem
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The Divergence Theorem
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Examples of a vector field.
1. Wind velocity vectors

2. Ocean currents

3. Airflow past inclined airfoil.

.

Definitions

1. D € R?(plane region). A vector field on R? is a function F that

assigns to each point (x,y) in D a two-dimensional vector F(x,y).

2. D € R3(space region) . A vector field on R® is a function F that
assigns to each point (x,y,z) in D a three-dimensional vector

F(x,y,z).

.

Find the gradient vector field of 7.

1. f(x,y)=yer 2. f(X,y,z):\/m
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@ We start a space curve C given by the parametric equations
x=x(t) y=y(t) z=2z(t) a<t<b.
Definition

If fis defined on a smooth curve C given by the parametric
equations, then the line integral of f along C is

/ f(X,y,Z)dS: lim Z f(X;kayi*vz;k)Asi
C =]

provided this limit exists.

@ Recall the arc length
t
s(t)= | M@)de,
a

where r(t) = <g1(t),g2(t),g3(t)>, V(t) = <g1,(t)7gé(t)ag3/’(t)>



o More useful formula for the line integrals is

[ flepds= | b f(x(t),y(t))\/ (j_’,j>2+ <;’{>2dt.

@ Suppose that C is a piecewise-smooth curve: that is,
C=CGUGU---UC,. Then the integral of f along C is

/Cf(x,y)ds_/c1 f(x,y)ds—i—/c2 f(x,y)ds—i—---—i—/cn f(x,y)ds.

@ A vector representation of the line segment that starts at rg
and ends at r; is given by

r(t)=(1—t)ro+tr; 0<t<L

Evaluate the line integral, where C is the given curve.
1. [c2yds, C:x=t>y=t 0<t<Ll
2 .fcxzyds, C is the upper half of the unit circle x> +y? =1.

= = =
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@ When line integrals w.r.t. x and y occur together, we write

/CP(X,y)dXJr/C Q(X,y)dyz/CP(X,y)dXJrQ(X,y)dy-

Evaluate the line integral, where C is the given curve.
1. [c (x> —/x)dy, C is the arc of the curve y = /x from (1,1)
to (9,3).

2. [e(x+yz)dx+xdy +2xyzdz, C consists of line segments from
(0,0,0) to (1,2,—1) and from (1,2,—1) to (3,2,1).
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Definition

Let F be a continuous vector field defined on a smooth curve C
given by a vector function r(t) with a <t < b. Then the line
integral of F along C is

/CF.dr_/abF(r(t)).r’(t)dt—/CF-Tds,

where T is the unit tangent vector on C.

Evaluate the line integral [-F-dr, where C is given by the vector
function r(t).

1. F(x,y) = <Xy,3x2>, r(t) = <t3,t>, 0<t<1.

2. F(x,y,z) =sinxi+cosyj+xyk, r(t)=ti—t2j+t3k, 0 <t < 1.
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