
9.2 Higher Order Constant Coefficient Homogeneous Eqs.

The nth order linear homogeneous DE with constants ai for
i = 0,1,2, · · · ,n can be written by

L[y ] = a0y
(n)+a1y

(n−1)+ · · ·+an−1y
′+any = 0.

By the similar idea of what we did for the second order DEs,
we can set up the characteristic Eq.

Z (r) = a0r
n+a1r

n−1+ · · ·+an−1r +an = 0.

Unlike the second order DEs, we cannot find solutions for the
Eqs. of nth order in general. There are some ways such as the
synthetic division or complex analysis to solve the
characteristic Eqs.



Depending on the type of solutions of Z (r) = 0, we consider
the following cases.

1 Solutions r are real and nonrepeated, i.e., r = ri ∈ R for
i = 1,2, · · · ,n. Then the general solution becomes

y = c1e
r1t + c2e

r2t + · · ·+ cne
rnt .

2 Solutions r are complex and nonrepeated, i.e.,
r = λj ± i µj . Then the general solution becomes

y = eλ1t (c1 cosµ1t+d1 sinµ1t)+ · · ·+eλj t (cj cosµj t+dj sinµj t)+ · · · .

The general solution seems to be unclear. We will understand
this case completely, by doing examples.

3 Solutions r are repeated.
(1) If the real root r is repeated s times, then the general
solution becomes

y = c1e
r t + c2te

r t + c3t
2er t + · · ·+ cst

s−1er t .



(2) If r = λ ± i µ ∈ C and the complex root is repeated s times, the
general solution becomes

y = eλ t (c1 cosµt+d1 sinµt)+ eλ tt (c2 cosµt+d2 sinµt)

+ · · ·+ eλ tts−1 (cs cosµt+ds sinµt) .

How to find solutions of the following Eq.: for any a ∈ R

rn = a with n ≥ 1. (1)

1 Switch a into the polar form:

a= |a|(cos(2mπ +θ)+ i sin(2mπ +θ)) = |a|e i(2mπ+θ).

2 From the original Eq. (1) we take nthe radical root. Then for
m = 0,1,2, · · · ,n−1 we have the following solutions

r = |a|1/ne i(2mπ+θ)/n = |a|1/n
(
cos

(
2mπ +θ

n

)
+ i sin

(
2mπ +θ

n

))
.


