Simple Groups Made Relatively Simple
(or at least as simple as I could possibly make them)

William Paulsen

This is my attempt to make the Chevalley groups, which is the largest class of finite simple groups,
understandable to those who are not experts in the field. A basic understanding of linear algebra is needed,
plus enough group theory to understand what a simple group is, as well as an automorphism group. If
anyone spots an error in this explanation, please let me know.

The classification theorem of finite simple groups says that all finite simple groups are of one of the
following categories: Note that ¢ will always be a power of a prime, so ¢ = p"™ for some prime p and m > 1.

1) The cyclic groups Z,, where p is a prime number.

2) The alternating groups A, for n > 5,

3) The Chevalley groups:

3a) The projective special linear groups L, (q), with n > 2, except for L2(2) and Lo(3).
3b) The special orthogonal groups B,,(q), with n > 2, except for By (2).

3c) The projective sympletic groups Cy,(q), with n > 2, except for C(2).

3d) D, (q), with n > 3.

4) The exceptional Chevalley groups:

4a) Fs(q), with ¢ > 2.
) E7(Q)7 with ¢ > 2.
4c) Eg(q), with ¢ > 2.
4d) Fy(q), with ¢ > 2.
4e) Ga(q), with ¢ > 3.
5) The twisted Chevalley groups:
5a) The projective special unitary groups U, (q), where n > 3 and ¢ is a perfect square.
5b) 2D, (q), with n > 2.
6) The exceptional twisted Chevalley groups:

6a) >Dy(q), with ¢ > 2.

6b) 2Fy(22"+1), where n > 1.

6¢) The Tits group 2Fy(2)’".

6d) 2Go (32" 1), where n > 1.

6e) 2By (22" *1), where n > 1.

6f) 2Eg(q), where g > 2.

7) One of the 26 sporadic groups, ranging in size from M, with 7920 elements, to the monster group

M with 808,017,424,794,512,875,886,459,904,961,710,757,005,754,368,000,000,000 elements.

Finite fields

All of the Chevalley groups are based on finite fields, so some knowledge of finite fields are needed. A
finite field F is a finite set with two operations, (+ and -), such that the set is an abelian group with respect
to +, with additive identity 0, and that F' — {0} is an abelian group with respect to -. Also, the distributive
law z - (y+ 2) = x - y + = - z must hold. The simplest finite fields are Z,, with p prime, where both addition
and multiplication is done modulo p.

It turns out that a finite field must have an order that is a power of a prime. Furthermore, if ¢ = p
for p prime and m > 1, then there will be (up to isomorphism) exactly one field of order ¢. In fact, it can
be constructed from Z, fairly easily. We begin by finding any irreducible polynomial over Z, of degree m:
"+ ap12™ 4+ -+ agx? + a1z + ag. We then let a new variable, say y, denote a “complex” root to this
equation. We consider the set of all expressions of the form

m

Cm-1y" 4 ey ey + e

where ¢, c1,...,c,—1 are in Z,. Addition of such expressions is done in the natural way, and so is multipli-

cation, except that y™ will be able to be simplified via y™ = —a,,_1y™ ' — -+ — a2y® — a1y — ao.
Ironically, it makes no difference which irreducible polynomial of degree m you choose, they will all

give the same field isomorphically. The new field of order ¢ = p™, denoted Fy, will have an additive group
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isomorphic to Z, x Z, X --- X Z,, (m factors), and the multiplicative group of F' — {0} is cyclic, meaning
that there is some element ¢ such that all non-zero elements can be expressed as ¢g* for some k.

For example, to find the field of order 3, we can choose the irreducible polynomial 2 + 1. This is
irreducible in Z3, since neither 0, 1, or 2 are roots. We can let ¢ be the new element which will be a root to
the polynomial. The new field has order 9, and can be called the “complex numbers Mod 3.” Here are the
addition and multiplication tables of this field.

Addition table for “Complex numbers Mod 3”

+ 0 1 2 i 2i 144 244 1420 242
0 0 1 2 i 2i 144 244 1420 242
1 1 2 0 14+¢ 1427 241 1 2421 21
2 2 0 1 2414 2420 q 144 26 142
i i 144 247 24 0 142 2+2i 1 2
21 20 142 2+2i 0 i 1 2 14+4i 2+1
144|144 241 i 1425 1 242 2 2 0
2414 | 241 ) 147 2427 2 2 14+2¢ 0 1
1420 |1+2i 2420 2§ 1 1414 2 0 241 i
242012420 20 1+2i 2 241 0 1 i 1+1
Multiplication table for “complex numbers Mod 3”
0 1 2 i 2i 147 244i 1+2i 242
0 (0 O 0 0 0 0 0 0 0
1 |0 1 2 i 21 144 247 1420 242
2 (0 2 1 21 t 2420 1420 240 144
i [0 2i 2 1 2414 242 144 1+2
2t |0 21 i 1 2 1427 144 2+21 2+
1440 144 242 244 142 20 1 2 i
244 |0 244 1427 2427 149 1 i 2i 2
14210 1420 247 1+7 2420 2 2i i 1
24200 2420 144 142 2+ i 2 1 21

The only other piece of information needed about finite fields is that the mapping x — xP will always
be an automorphism on the field, called the Frobenius automorphism. This automorphism will have order
m. In fact, all field automorphisms are generated from this one, so the automorphism group for a field of
order p™ is isomorphic to Z,,. If m is even, we can form the automorphism ¢(z) = x”m/z, which will have
order 2. This automorphism can be thought of as the “conjugate” automorphism, since ¢(p(x)) = x for all
x.

m

We are now ready to understand the Chevalley groups, starting with the easiest.

L.(a)
The first group to consider is the n by n matrices with determinant 1 over a field of size ¢ = p™, where
p is prime. When m = 1, we are merely working with matrices over Z,. For example, if n =2, and ¢ =7,
we have some of the matrices to be

(1)) (0 0)(52)

Notice that the determinant of all of these is 1 (mod 7), so there is no problem with inverses. However, this
is not a simple group, since there is (usually) a non-trivial center!

(5 9amalz )
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In fact, al will be in the center whenever a™ = 1 in the field. The solution is to consider the quotient group
over the center. That is,

L, (¢) = {n x n matrices over F, with determinant 1}/{its center}.
This is a Chevalley group, since it is basically the continuous group
L, (R) = {n x n matrices over IR with determinant 1}/{+TI}.
with real numbers replaced with a finite field.

We can introduce the following notation: by +A, we mean the coset of all matrices aA for which the
scalar a satisfies a™ = 1. So for ¢ =7,

11 11 6 6
=0 1)={( 1) )}
Usually, +A will consist of A and possibly its additive inverse, but there are occasions where +A might
mean something more. For example, if n = 3 and ¢ = 7, then there are 3 solutions to a® = 1. So

150 1 50 2 30 4 6 0
+(o 1 3|={[o13|,{0o26],l0 45
00 1 00 1 00 2 0 0 4

In general, the number of solutions to a™ = 1 in the finite field of order ¢ is given by GCD(n,q — 1). With
this, we can find the size of this group as

n(n—1)/ n

g
GCD n,qg—1) H

7,=2

|Ln(q)| =

Here, the J] symbol is like the Y symbol, only the terms are multiplied instead of added. Thus,

[[@ -1 = (-1 -1(g" —1)-(¢" = 1).

i=2
From this formula, we find that
10 0 1 55
= {3 22 )22 9]
1 0 0 1 1 0 1 1 1
L;2)=<|0o 1 0o],[0o 1 0),[0 1 0],...
0 0 1 0 0 1 0 0 1
both have 168 elements. In fact, these two simple groups are isomorphic. (We don’t need the + sign for the
elements in L3(2), since there is only one solution to a® = 1 mod 2.) L, (q) will be a simple group if n = 2
and ¢ > 4, or if n > 3. However, Lo(4) ~ Ly(5) ~ As, L2(9) =~ Ag, and L4(2) ~ Asg.
Alternative names: L,(q) is also called PSL,(q), PSL(n, q) the projective special linear group, and
An-1(q)-
B..(q)
Other simple groups can be formed from subgroups of L, (¢) whose elements possess certain qualities.
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If we let J be an m x m fixed non-singular matrix with elements from Fj, we can consider all m x m
matrices A with elements in Fj, such that

ATJA =, and |A| = 1.
The set of all such matrices A forms a group, since if BT JB = J as well,

(AB"HYTJ(AB™) =

(B~YHYT'BT)J(BB™!) = J.

We can call this subgroup G, and as with L,(n), may contain a non-trivial center. So we can consider the
quotient group G;/{£I}. (If g is even, then the center will be trivial, since —1 =1 in the field.)

However, G ;/{£I} is (usually) still not a simple group, but like S,, contains a simple group of index
2, so we can assign a signiture to the elements of G;/{xI}. The easiest way to do this (without getting
technical) is to say that an element of G;/{%1} is even if it can be expressed as a product of squares, and
odd if it cannot be expressed as such a product.

If the size of the matrix is odd, say of size m = 2n+ 1, then G ; will yield isomorphically the same group
for all non-singular symmetric matrices J. Since it doesn’t matter which matrix we pick for J, we might as
well pick J = I. Furthermore, since m is odd the determinant of —I will be —1, so —I will not be in G;. In
fact, if al was in the set, then a™ = 1 and also a? = 1, since (al)? (al) must be I. This forces a = 1, so in
this case, we do not need to take the quotient group of the center. We define (for ¢ odd)

B,(g) = {Even (2n + 1) x (2n + 1) matrices over F, such that ATA = I, and |A| = 1}.

If ¢ is a power of 2, then —1 = 1 in the field, so |A| will always be 1 if ATA = I. Also, in this case we
do not have to pick out the “even” elements, for we will have the whole group. Again, the center would just
be I, so we do not have to take the quotient group of the center. Thus,

B,(2") = {(2n + 1) x (2n + 1) matrices over Fy- such that AT A = T}.

The size of this group (for both even and odd g) is given by

’I’L2

q

_ 21
~ GCD(2,q— 1) (g7 = 1).

=1

[ Bn(q)]

For example, if n = 1 and ¢ = 3, we see that this formula produces 12 elements. How can we find these
elements? Each row (and each column) of an orthogonal matrix (one that AT A = I') must be a unit vector.
Working modulo 3, we find that the only unit vectors (solutions to a? + b? + ¢ = 1 mod 3) are (1,0,0),
(2,0,0), (0,1,0), (0,2,0), (0,0,1), and (0,0,2). Thus, a 3 x 3 orthogonal matrix mod 3 must have only 3
non-zero elements. It is not hard to see that this would produce 48 matrices, and if we throw out those with
determinant 2 instead of 1, we would have 24 matrices. So which 12 matrices are in B;(3)? Since

0 01 010
100 and 0 0 1
010 100
are squares of each other, these must both be in B;(3). Also,
10 0\° (/100
0 01) =(02 0],
0 2 0 0 0 2



so this gives another matrix in By(3). The 12 elements generated from these 3 matrices are

100 100 2 0 0 2.0 0
31(3){010,020,010,020,
00 1 00 2 00 2 00 1
00 1 00 1 00 2 00 2
1o0o0)],{200]|,[1t00],[200],
010 020 02 0 010
01 0 01 0 02 0 02 0
001,002,001,002}.
100 2.0 0 2.0 0 100

Obviously this is not a simple group, and is in fact isomorphic to Ay4. In fact, Bi(q) ~ L2(q), so we do
not get any new simple groups unless n > 2. However, B, (q) is a new simple group for all n > 2 with one
exception—DB5(2). This would be 5 x 5 orthogonal matrices mod 2:

1000 0 10000 1000 0 1000 0
01000 01000 0011 1 001 11
By2)=¢]l0o0o 100,00 100,010 11|,]0o101 1],
00010 0000 1 0110 1 01110
0000 1 00010 01110 0110 1

In fact, all elements of Bs(2) can be obtained by exchanging rows and/or columns of the few matrices listed
here. A simple counting argument shows that there are 720 elements of By(2) (recall that when ¢ is even,
we do not have to throw out the “odd” elements.) In fact, B2(2) a2 Sg, which is not simple. The smallest
new simple group we get this way is B2(3), which has size 25920.

Alternative names: B, (q) is also called O2,41(q), PQ3,,,1(q), Q2n41(q),and PSO2,11(g), the special
orthogonal group.

U,(q)

Note that there is a natural automorphism on the group Ly (q), given by 7(A) = (A7)~ since
T(AB) = (AB)")™! = (BTAT)™! = (A)"1(B") ™" = 7(A)7(B).

This automorphism is clearly of order 2, since 7(7(A)) = A. But if ¢ is a perfect square, such as the case of
“complex numbers mod 3”,
{0,1,2,4,24,1 + 4,2 + 4,1 + 24,2 + 23},

then there is another automorphism of order 2 arising from the field—mamely the “complex conjugate.” If ¢
is a perfect square, then ¢(z) = 2V will be a field automorphism, and ¢(¢(x)) = 2¢ = z for all elements in
the field. (2971 =1 for all non-zero z, since the multiplicative group is of order ¢ — 1.) We can extend this
field automorphism ¢ to matrices, where we simply take the “complex conjugate” of all of the entries. We
will write ¢(A) as A, the complex conjugate of A.

Now the set of elements fixed by 7(A), that is, the matrices for which 7(4) = A, will simply be the
orthogonal matrices of Ly,(q). Also, the set of elements for which A = A will produce L,,(1/g). But if we first
combine the two automorphisms, ¢(7(A)) = 7(¢(A)), and consider the elements fixed by this combination,
we get a new group. If ¢(7(A)) = A, then 7(A) = ¢(A), given us ATA = I. These are called unitary
matrices.

We can now define, for ¢ a perfect square,

Un(q) = {n x n matrices over F, with |A| =1 and ATA = I}/{+I}.

Then time, we define £71 to mean the set containing al for all a such that both ¢™ = 1 and aa = 1 in the
field.



The size of this group is

qn(n—l)/4 n

~ GCD(n, /7 +1) L1 =1,

=2

|Un(q)]

For example, Us(9) would have 6048 elements. How would we find this matrices? First we would find all 3
dimensional vectors in “complex numbers mod 3” such that Tv” = 1. Then we would look for sets of these
vectors that are mutually “conjugate orthogonal”, meaning that 7w” = 0. There turns out to be 252 vectors
for which vv” = 1, but all of them look similar to one of the vectors

(1,0,0),(1 +4,1414,0), or (1+1i,1,1),
except that the coordinates can be rearranged, and each coordinate can independently be multiplied by

either 1, 2, 4, or 2. Next, we find sets of three such vectors that are mutually conjugate orthogonal. Some
examples are

i 0 0 1 0 0 0 1+4i 2+ 2+2 i 1
02 of,lo 1+i 1+i|,[2+i 1 2% |, 20 2+2 i
0 0 1 0 1+i 2+2i 142 1 2 1 2 2420

In fact, all matrices for which ATA = I can be obtained from one of these 4 by switching rows and/or
columns, and multiplying rows and/or columns by 1, 2, i, or 2i.

Finally, we have to consider only those matrices that have determinant 1, which gets rid of 3/4 of the
matrices. But is there a center of the group that we have to worry about? Since a® = 1 in this field only
when a = 1, the answer is no. Thus, U3(9) =

i 0 0 i 0 0 0 142 1+ 1+2i 2 i
02 of,(o0 1+i 1+4i ], [2+i 1 2% |, 1 142 2 |,...},
0 0 1 0 14i 2+42i 1+2 1 2 i 1 142

which gives us 6048 elements. This is the smallest new simple group of this type.

Another example would be to find Us(4). Since 22 = —1 has a solution in F, we need another quadratic
equation which does not have a solution in F; (any one will do.) So we will let w be a solution to the equation
2?2 + 2 =1, and so we get the field Fy = {0,1,w,1 + w}. The “complex conjugate” would fix 0 and 1, but
exchange the other two elements. Now all three non-zero elements satisfy a®> = 1 and a@ = 1, so the coset
+1 now contains three matrices. By finding the 36 vectors for which vo” = 1, and then determining which
set of three vectors are mutually conjugate orthogonal, we find that Us(4) has 72 elements:

1 0 O 1 0 0 1 1 1
+10 1 0,10 w 0 , 211 w 14w |,
0 0 1 0 0 14w 1 1+w w

1 w w 1 14w 14w
+ | 1+w w 14w |, 2| w w 14w |,...0,
l1+w 14w w w 14w w

where the remaining entries are formed by exchanging rows and/or columns on one of these 5 matrices. Since
there are no simple groups of order 72, we see that Us(4) is not simple. Also, Uy(4) =~ B(3), but we get
new simple groups if n > 3 and ¢ > 9, or if n > 5.

Alternative names: U,(q) is also called ?A,,_1(,/q), 2An—1(¢q) and PSU,(q), the Projective Special
Unitary group.



C.(a)

If the size of the matrix is even, then there are other matrices J that produce interesting groups. The

first of these is J = ( 0 I

7 O)' We define a 2n x 2n matrix A is symplectic if

() G

Here, the 2n x 2n matrix J is partitioned into four n x n pieces. For example, if n = 1, then J = <_01 (1)>,

and the 2 x 2 matrix A is symplectic if

a ¢y (0 1\ fa b) _ 0 ad—bc

b d -1 0 ¢c d) \bc—ad 0
produces J, which of course happens if and only if |[A|] = 1. In fact, all symplectic matrices will have
determinant 1. If we factor out the center as we have been doing, we get the group

Cyr(q) = {2n x 2n symplectic matrices over F,}/{+I}.

Again, if ¢ is a power of 2, then —I = I, so the center will be trivial. We saw above that C(¢) = La(q), so
nothing new happens unless n > 2. For example,

0
C2(2) =

S *x O =
* O = O
o R OO
_ o O O
O % O =
_ o O O
* O = O
* O = O
O % O =
_ o oo
[l N e Ne)
* == O
— % O =
-0 oo
[l e Ne)

0
1
0

Here, each * can represent either a 0 or 1. There are 720 elements of C5(2), which in this case is not simple,
since C5(2) & Sg.
In general, the size of this group is given by

’I’L2

(q2i - 1)3

=1

q
|Cnlq)] = m

which you may notice is the same size as B, (q). In fact, Ca(q) = B2(q), so in order to get new groups, we
must have n > 3. Also, if ¢ is a power of 2, we find that J is a symmetric matrix (since —1 = 1), which
causes Cy,(2") = B, (2"). However, if n > 3 and ¢ is odd, we get a new simple group C,,(¢) that is the same
size as B, (q), yet not isomorphic. If we define “twin simple groups” as two groups that are both simple,
have the same size, yet are not isomorphic, then we find that {B,(¢), Cy(¢)} with ¢ odd and n > 3 give an
infinite number of “twin simple groups”. The only other case of a “twin simple group” that is not in this list
is {As, L3(4)}. (Both Ag and L3(4) have 20160 elements, yet they are not isomorphic.) The smallest new
simple group we get in this way is C5(3) with 4585351680 elements.
Alternative names: C,(q) is also called Sy, (q), and PSps,(q), the Projective Symplectic group.

D, (q) and *D,(q)

When the size of the matrix is 2n, then there are two other simple groups that can be formed by
considering the group

G 7 = {2n x 2n matrices over F, such that AT JA = J, and |A| =1}

for a fixed matrix J. We will begin by first discussing the case where the size of the field ¢ is odd. Unlike the
case B, (q), it will make a difference which symmetric matrix J we pick. For some symmetric matrices J,
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the group G will be isomorphic to Gy, the group of standard orthogonal matrices for which AT A = I. But
for other J, we will get a group isomorphic to G, where K is a diagonal matrix with all but one diagonal
element equal to 1,

10 0 --- 0 O
o1 0 --- 0 0
o o1 --- 0 0
K=1. ... ..
o0 o0 --- 10
000 -+ 0 a

where a is some element of the field which is not a perfect square. (That is, 22 = a has no solution in the
field. Since ¢ is odd, there will always be such an element.) In fact, for all symmetric matrices J, G will
either be isomorphic to G; or Gk, so we only have to consider these two cases. In both cases there will be
a non-trivial center, since | — I| = 1. As in B, (q), we will also have to weed out the “odd” elements for the
case GGy, but not for Gx. Thus, we have 2 candidates for simple groups when ¢ is odd:

O1(n,q) = {Even 2n x 2n matrices over F, such that AT A = I, and |A| = 1}/+1,

and
Oa(n,q) = {2n x 2n matrices over F, such that AT KA = K, and |A| = 1}/+1.

Both of these are usually simple groups, and it would seem like it would be natural to define D, (q) to be
one of these groups, and 2D,,(q) the other. But alas, it is not quite that simple. Instead, we define

_ JO1(n,q) ifg" =1 (Mod 4)
l%@_{émé if g% = 3 (Mod 4

2 _ [ O1(n,q) if ¢" =3 (Mod 4)
a”*{omﬁ)ﬁgz1mm@'

For example, if we find all 6 x 6 orthogonal matrices modulo 3, we find that there are 26127360 of them,
and half of these have determinant 1 (Mod 3). A few of which are

O = = = O N
— O = = O N
—_—0 = O N
— = O OoON
[N e olNoll o)
=== OO
OO =N
SO N = DN =
=N OO NN
N = OO NN
NN == OO
=== OO
=l == R
O O N =N
OO N = DN
N = OO NN
— N = =O O
N === O

We can square this matrices to produce “even” elements of the group, and also divide by the center by
inserting a + sign. We get

2 2 00 2 1 21 0011 001 0 0O

1 01 1 01 12 0 011 200111

01 101 2 0 01 1 1 2 0 2 0111
i010112’i002212’i110022’ ’

1 21 100 11 2 1 00 110 2 0 2

2 02 210 22 2100 110 2 2 0

which generates a group of order 3265920. However, this is not the group D3(3), but rather 2D3(3) from the
definition. To get D3(3), we would begin with the 24261120 matrices for which AT KA = K, (using a = 2).
Half of these will have determinant 1, but this time we do not have to weed out the odd elements, so when
we divide by the center, we get 6065280 elements of D3(3).
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So why this switcheroo? One explanation comes from the fact that it is easier to define the size of these
two groups:

n(n 1) -
[Dn(a)] = mg

n(n 1) -
2 (" +1)
Do) = Gopi 11,37 H

Yet some further explanation is warranted. We say that the 2n x 2n matrix J is plus type if there is an
n-dimensional subspace V such that vJv? = 0 for all vectors v in V. If there is no such n-dimensional
subspace, then J is of minus type. It is not too hard to see that if ¢" =1 (Mod 4), then [ is plus type, and
K is minus type. Yet if ¢" = 3 (Mod 4), then I is minus type, and K is plus type. Consider the case n =1
for g =3 and ¢ = 5:

If ¢ = 3, then letting v = (z,y), we have vIv? = 22 4+ 92, and the only solution for 2% + 32 = 0 (Mod 3)
would be if both = and y are 0. So there is no 1-dimensional subspace V, hence I is of the minus type. On
the other hand (picking a = 2), vKvT = 22 + 232, and 2% + 2y% = 0 (Mod 3) does have a non-zero solution,
x =y = 1. By letting V be the 1-dimensional subspace spanned by this solution, we see that K is of plus
type.

When q = 5, though, the situation is reversed. There is a solution for 22 +y? = 0 (Mod 5), yet by trial
and error one can see that there is no non-trivial solution for 2% +2y? = 0 (Mod 5). (We can still pick a = 2,
since it is still not a square.) Thus, when ¢ = 5, I is plus type, and K is minus type.

This result can easily be extended to larger n. For example, if n = 3 and ¢ = 3, we can obtain a plus
type matrix J by repeating the 2 x 2 plus type matrix along the diagonal.

SO OO O
S OO OO
S OO+ OO
SO NO OO
O = OO OO
NO OO OO

This is plus type, since we have a 3-dimensional subspace V spanned by (1,1,0,0,0,0), (0,0,1,1,0,0), and
(0,0,0,0,1,1). Now, for a diagonal matrix, whether it is plus or minus type only depends on whether there
is an even or odd number of non-squares along the diagonal. Since both this matrix and K have an odd
number of non-square elements, we see that K is of plus type for n = 3 and ¢ = 3.

If ¢ is a power of 2, we have to step back to the “true” definition of orthogonal transformations. The
group Gy is really the set of transformations on x1, xs, ... 22, that preserve a particular quadratic equation
in the variables x1, xs, ... 2,, with every term of degree 2. If ¢ is odd, then there will always be a symmetric
matrix J such that the quadratic equation can be written as vJv” for v = (x1,2,...T2,). In which case,
the transformation A will preserve this quadratic equation if and only if

vAT JAVT = v T,

and since both sides are symmetric, this can be shown to imply that AT JA = J. But when Q is even, we are
sometimes forced to use a non-symmetric J to describe the quadratic equation. For example, the equation

2?2 + x179 + o3 can be written as
1 1 I
e (p1) (5)

It it tempting to make a symmetric matrix out of J by writing this as

o o ) (2)

but alas, 2 = 0 in our field, and so is not invertable.



By considering J to be non-symmetric means that we have to consider more elements in G; then just

those in which ATJA = J. For example, if A = <(1) (1)), then ATJA = <1 (1)) # J, yet clearly the
transformation that A represents will preserve the quadratic equation 23 + x122 + 3. So we will modify our

definition of GG; to be
G; = {2n x 2n matrices over Fy- such that vAT JAVT = vJuv" for all vectors v € R2”}.

There are again isomorphically two types of groups that G; can become. For a matrix of plus type,
consider the matrix corresponding to the quadratic z1x2 + 324 + 526 + - - - Tap—1%2,, Whose matrix is given
by

010 0 00
000 0 00
00 0 1 00

Kt—|0 0 0 0 00
0000 - 0 1
0000 - 00

For a matrix of minus type, we add z3,_; + ax3,, to the quadratic, where a is some element in the field for
which 22 4+ 2 = a has no solutions in the field. This gives us

0100 0 0
0000 0 0
00 0 1 0 0

K-=|0 0 00 0 0
0000
00 0 a

Then we can define

D,,(2") = {Even 2n x 2n matrices over Fpr such that |A| = 1 and vAT KT AvT = oK to” for all v € R*"},
and

2D, (2") = {Even 2n x 2n matrices over Fyr such that |A| = 1 and vAT K~ AvT = v Ko7 for all v € R*"}.

In these two cases, the center will be trivial, so we don’t have to worry about dividing by the center. The
number of elements is still given by the above formulas.
For example, to find D3(2), we look for 6 x 6 non-singular matrices A in F5 such that

01000 0 01000 0
000000 000000
100010 0 r looo 10 0] 4

vA o 0000 04 =" 000000l
00000 1 00000 1
000000 000000

For all 6 dimension vectors V. There are 40320 such matrices, a random sample of which is

100 0 0O 001 010 111110 1101 11
011000 111110 10 01 01 10 01 00
0 01 0 0O 101 0 00 011000 011000
1 0010©O0f’JOT 1T 0O0O0’fT 01 010”0 O0CO0T1TO0O0]|"
0000 1O 0 0001O0 111100 1 0 01 10
0 000 01 110111 101111 1 0 01 01
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But these may not be “even” elements. But if we take the square of these, we will get elements of D3(2):

10 0 0 0O 101 010 01 0101 01 0100
01 00 0O 0001160 111011 110 0 11
0 01 00O 100 0 10 111101 1111 0 0
o o0o01o00’f0o10110J]’J01 101O0fJ0 0010 0}
0 000 1O 0 000 1O 1 01 0 01 01 0101
0 000 01 01 1001 011111 01 0110

By considering the group generated by these squares, we obtain a group with 20160 elements, and this group
happens to be isomorphic to Asg.

But to calculate 2D3(2), we first find an element in the field which cannot be 2% + z. Simple trial and
error shows that 1 is the only such element of the two. So we seek for 6 x 6 non-singular matrices A in Fj
such that

01000 0 01000 0
000000 000000
100010 0 + |ooo0o100]f4

Ao 0000 04 =" 000000l
000011 000011
00000 1 00000 1

for all vectors v. This time we find that there are 51840 such elements, a few of which are

1001 0 O 1001 0O 001110 001101
01 01 0O 001110 110 0 01 1101 01
00 01 0O 10 0 0 0 O 111100 111010
$1111ro00(’y]2 11100t 011101’} 1000 1]}
00 0O0T1PO0 00 0 O0T1PO0 001 10O 110 0 0 0
00 0 0 O01 10 0 1 01 1 01 011 10 01 10

But again, we must throw out the “odd” elements, so we first find the squares of these elements

01 1000 01 1000 011110 1 01 101
101 0 00 011110 01 01 0 O 101 1 11
11110 0 1001 00 1 01 101 110 0 10
0o0o0o1o0oo0o0’fr 1 0110}]’JO1TO0OO0O0OO0Of’M]0O1T 1 1 1 0}’ ’
00 0O0T1PO0 000 O0T1PO0 01 0010 11100 0
00 0 001 111101 01 0101 001 100

and then find the group generated by these elements, obtaining the 25920 elements of 2D3(2).

For one last example, consider 2D5(4). The field with 4 elements can be written as {0,1,w,1 + w},
where w? = 1 4+ w. This time, we cannot use a = 1, since 22 + 2 = 1 has a solution in the field, namely w.
But 22 4+ 2 = w has no solution in the field, so we search for all matrices such that

01 0 0 01 0 0
10 0 0 O T 000 0] 7
Ao o1 1] =% o001 1]V
0 0 0 w 0 0 0 w
for all vectors v. We find 8160 of these, a few of which are
1 1.1 0 14w w 1 0 1 w 0 1 w w l4+w 14w
1 0 00 14w 0 0 0 14w 0 0 0 14w 0 0 0
0 01 0]’ 0 0 1 0)'{14+w O 1 0}’ w 0 1 0 T
10 0 1 14w 0 0 1 0 0 0 1 w 0 0 1
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Once again, we have to take the group generated by the squares of this matrices

01 0 O 1+w 1 w 0 0 w 0 0 w 14w w w
1 1 10 w 1 1+w O 14w 1 0 14w 1 1 W ow
00 1 0}’ 0 0 1 0]’ 0 1 1 14w’ 1 14w 0 1|77 ("
01 1 1 1 1 14w 1 0 0 0 1 1 14w 1 0

to obtain a group of size 4080.

The groups D;(q) and 2D;(q) will always be solvable, and Da(q) ~ La(q) x Lz2(q), so this is not simple
either. Also, 2Day(q) ~ L2(q?), D3(q) =~ L4(q), and 2D3(q) ~ Us(g?), so we only get new simple groups if
n > 4, in which case we will always get new simple groups. The smallest examples then are D4(2) which has
174182400 elements, and 2D4(2) which is slightly larger: 197406720 elements.

Alternative names: D, (q) is also called O3 (q), and PQJ, (q). 2D, (q) is also called O, (q), and
PQ5,,(q). Occasionally 2D,,(q) is written as 2D,,(¢*) because of an alternative way to define it, but this adds
confusion. Also, the two sets of groups can be written as O5,,(¢) or P, (q), where the € can represent either
+ or —.

Ga(q)

In the six sequences L, (q), Un(q), Bn(q), Cn(q), Dn(q), and 2D,,(q), the size of the matrices involved
becomes one of the variables in the definition. However, there are other sequences of simple groups defined
by matrices for which the size of the matrix is constant, only the size ¢ of the finite field is allowed to change.
These other sequences are called the exceptional Chevalley groups (not to be confused with the sporadic
simple groups).

The easiest of these exceptional groups to understand is Ga(g). This is rather simple to describe when
q is odd, using only 7 x 7 matrices over the field F;;. Then we will find a slightly more complicated definition
using 8 x 8 matrices which will work for all g.

A 7 dimensional vector can be written as

Uj€1 + Ugs€a + uzesz + ugeyq + uses + Ugee + Urer

where e, es, .. .e7 are the 7 mutually perpendicular unit vectors pointing in the direction of the 7 axes. We
can define the cross product on two 7 dimensional vectors by describing the cross product on these 7 base
vectors:

e; x e; =0, e X €j11 = —ej41 X €; = €ej;3,

€ir1 X €j13 = —€j13 X €11 = €, €i13 X € = —€; X €j13 = €j41.

If the subscript goes beyond 7, subtract 7 from the subscript. Thus, eg x ez = e5. We also can define the 7
dimensional dot product

- U = ugv1 + UV + U3V3 + UsV4 + U5V + UgUg + UTV7.

S

The 7 dimensional cross product and dot product share many of the same properties that the familiar
3-dimensional versions have.

We can now describe G3(g) for odd gq. The 7-dimensional cross product will work for 7 dimensional
vectors whose elements are in F,;. We want to find all 7 x 7 matrices A such that:

1) Each row is a unit vector, that is, @ - o = 1.

2) The first row cross the second row is the fourth row, the second row cross the third row is the fifth
row, the third row cross the fourth row is the sixth row, etc., until we get to the last row cross the first row
is the third row.

In turns out that all such vectors will be orthogonal, A”A = 1, and A will have determinant 1. If we
define such a matrix a “cross product preserving” matrix, then for odd g¢,

G2 (q) = {7 x 7 cross product preserving matrices over Fy}.

12



Note that we do not have to divide by the center, nor take only the “even” elements of the group. For
example, if ¢ = 3, we find that there are 702 possible unit 7 dimensional vectors. By picking two which
are orthogonal, and then picking a third which is orthogonal to the other two and their cross product, we
can use these vectors for the first 3 rows of a matrix, and then use the cross product preserving property to
complete the matrix. Some examples given here:

0100 00O 1112 2 21 21 2 2 000

100 0 0 0 O 01 22100 2111000

0 01 00 O0O 2210200 0 00 O0O0T1TFO0
G2(3) = 0o 002o0©0®O0},f21010©O01],]220072¢01],.

0 000 O0O01 21 010 20 0012101

000 0O0 20 0100 2 1 2 110 0 2 01

0000100 011001 2 00 21101

There turns out to be 4245696 such matrices.
In general, the size of G2(q) is given by

1G2(q)| = ¢°(¢° = 1)(¢* — 1).

This formula works for both even and odd ¢. But to define G2(q) for even ¢ we must first introduce octonions,
denoted by O. This is an extension of the quaternions, which is a skew field. (A skew field is like a field,
only multiplication is not commutative.)

Each 8 dimensional vector can be written as

u = ug + uiey + uses + uzes + useyq + us€es + Ugee + urer.

where the cross product multiplication is slightly altered so that e;2 = —1, but the product of two different
base vectors is as the 7 dimensional cross product.
If we define the complex conjugate of u by

U =up— uje1 — Uz€z — U3z — U4€q — U5€5 — Ug€e — U7E7,
then v = vu. Also, we find that
— — 2 2 2 2 2 2 2 2
uu:uu:U0+U1 +UQ+U3+U4+'U:5+U/6+U7,

which will always be positive for non-zero u. Thus, every non-zero octonion u has an inverse u~! = u/(uu).
Yet the octonions do not form a skew field, because multiplication is not associative. That is, (ab)c is
not always a(bc). However, there is a sort of “selective associativity” to the octonions that still allow
algebraic manipulation. For example, the sub-algebra generated by any two elements is associative. Thus,
(ab)a = a(ba) and a~'(ab) = (a~ta)b = b. In these cases, we can omit the parenthesis, and write aba to
indicate either (ab)a or a(ba). There are also occasions where we have “accidental associativity”:

x(yz)x = (zy)(zx),

z(y(zz)) = ((zy)z
y(z(zz)) = ((yr)z
(xy)(y~ 2y ™) = (z2)y~ "
These can be verified with Mathematica. The first 3 of these is called the Moufang identities. Ironically, a
small change in these formulas will cause them to be no longer valid. For example, (xy)(y~'zy) # (22)y,

(yzy (yzy™") # ylzz)y ™
We can use the complex conjugates to define the inner product of two octonions. Note that

2,

)
)

x,

_ uv 4+ vu
Re(uv) = 5 = v + U1V + UV + U3V3 + UgV4 + UsVE + UgUg + UTUT.
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Thus, we can say that two octonions are orthogonal if uv + va = 0.

If we consider replacing ug, u1, U2, ..., uy with elements of a finite field F|;, then we lose the property
that all non-zero elements will be invertible, since utl = u2 + u? +u3 + u3 +u3 + uf +u2 + v will sometimes
be 0. In fact, because multiplication is not associative, we will not even get a ring. We get what is called an
algebra, which has all the properties of a ring except associative multiplication. If ¢ is odd, we will call this
algebra O(Fy), the octonion algebra over F,. We can now define G(q) another way:

G2(q) = the automorphism group of O(F}).

To see the relationship between the two definitions, note that any automorphism ¢ of O(F;) must send
the identity element to the identity element, and hence all “real” elements map to themselves. The purely
imaginary vectors are the vectors which are orthogonal to the unit vector, so any purely imaginary unit
vector must map to a purely imaginary unit vector, so in particular e, ez,...e7 would all map to unit 7-
vectors. Indeed, the automorphism would be completely determined by where it sends the base unit vectors.
By forming a 7 X 7 matrix from ¢(eq), ¢(e2),...d(er), it is clear that this matrix would be cross product
preserving, and that a cross product preserving matrix would produce an automorphism. Thus the two
definitions are the same.

To define O(F;) when ¢ is a power of 2, we need some extra work, since —1 =1 in this field. We begin
by finding a new basis for O(F,) when ¢ is odd. There will always be two elements a and b in F, such that
a’?+b2+1=0, and b # 0. Then we define

xr1 = (e6+ae4+be7)/2, XTo = (e5+ae2+be3)/2, xr3 = (—e1+ae7—be4)/2, Ty = (1—@834—()62)/2,

s = (1+ae3—be2)/2, T = (—el—ae7+be4)/2, Ty = (es—aeg—beg)/2, xrg = (ee—ae4—be7)/2.

We get the following multiplication table for these 8 elements:

T To I3 T4 Is T Ty xIs
T 0 0 0 0 T —x2 I3 —T4
X9 0 0 X1 X9 0 0 —I5 —T¢
T3 0 —T1 0 T3 0 —I5 0 T
T4 T 0 0 T4 0 Te T 0
Is 0 To I3 0 xIs 0 0 xrs
Tg To 0 —x4 0 Tg 0 —s
z7 —I3 —Ty 0 0 x7 g 0
T8 —Ts Tg —x7 s 0 0 0 0

Any element of O(F;) (for odd ¢) can be expressed uniquely as
U = V1X1 + V2o + V33 + V424 + U5X5 + VgXg + U7Xy + Vg

where v1,v2,...vg are in Fy;,. The above multiplication table will then allow us to multiply any two elements
in O(F,). This is called the split form of O(F,). However, we can now use the split form to define O(Fy)
for even gq.

To find the “complex conjugate” of an element in O(F,), we map e; — —e;, which when translated to
the split form, gives us

U = —V1L] — Voko — V3X3 + V54 + V4X5 — VgLg — V7L7 — VLS.

Note that if ¢ is even, then the only difference between u and w is that the x4 and x5 coordinates are switched.
For any ¢, we find that wu is a multiple of the identity x4 + x5, which can be considered a member of F,.
Thus, v will have a multiplicative inverse if and only if uu # 0.

14



We are now ready to define

G2(¢) = the automorphism group of O(F}) in split form

which will work for all ¢. Every automorphism ¢ can be represented as an 8 x 8 matrix over Fy, where
the first row is the coefficients of ¢(x1), the second row is the coefficients of ¢(x2), etc.

How do we find the automorphisms? First of all, the identity element of O(F,) is x4 + 5, so ¢(0) =0
and @(z4 + x5) = x4 + 5. Now, ¢(x4)? must be ¢(z4), so we first find all elements in O(F,), besides 0 and
the identity, which are their own square. ¢ must map x4 to one of these elements. For each such possible
value of ¢(z4), we find the elements y such that y¢(xz4) = 0 and ¢(z4)y = y. From the table, we see that
d(x1), ¢(x6), and ¢(z7) must have this property, so we finally choose 3 different elements of this set so that

P(1)(d(we)(27)) = P(xa),  d(w6)(P(27)p(21)) = P(2a),  P(27)(d(21)P(6)) = P(24),

P(x1)d(w6) = —d(we)p(21),  d(@1)d(ar) = —d(ar)d(x1),  d(xe)d(xr) = —(a7)d(w6),
(O(z1)d(z6))P(27) =1 = dxs),  (B(we)d(27))d(21) =1 —@(z4),  (P(x7)d(21))(x6) = 1 — d(24).
Once we have found ¢(z4), ¢(z1), ¢(z6), and ¢(z7), we can set ¢(zs5) = 1 — ¢(z4), ¢(x2) = P(xg)d(z1),
¢(z3) = ¢(z1)d(x7), and ¢(xs) = ¢(x7)P(xs). Then using the Moufang identities we see that ¢ extends to

an automorphism on O(f,;), which can be expressed as an 8 x 8 matrix.

For example, when ¢ = 2, we find 12096 automorphisms of O(F3), which can be represented by 8 x 8
matrices, so Go(2) =

0000 01 00O 11011010 01011010
01 000000 1001 1111 101 0 0 0 0O
0000 O0O0O0°1 11100101 11111111
00010000 01101111 101 01010
6o o0o001o00©0f’)Jo1717210111’J1 01100 10]
100 0 0 0 OO 101 1 1100 001 00O0O0O
0000 0010 01100001 1001 1 001
001 0 0O0O0O0 11100 011 001 00010

This, however, does not form a simple group. Half of the elements of G5(2) form a normal subgroup which
is isomorphic to Uz(9), which we recall has 6048 elements. However, when ¢ > 3 then G2(¢) will be a new
simple group, the smallest of which is G2(3) which has 4245696 elements.

*Da(q)

There is an unusual automorphism of the set of rotations in 8 dimensions:
D4(q) = (8 x 8 matrices with determinant 1 such that AA”T = I)/(+I).

This comes from a rather outstanding property of octonion algebra O(Fy): If up(...us(uz(w12))...) = 2
for all z, then (... ((zu1)uz)us...)ur, = £z. This is rather surprising, since this statement is not true for
quaternions. But because we don’t have associativity, we are given much more than u(. .. ug(usuq)...) = 1.
Here is the proof:

For all  and y, we can use one of the “accidental associativity” Moufang properties repeatedly:

ug (- .. ug(ug (ug (zy)ur )ug)us . . Jug =uk(. . . usz(uz((wi1z)(yur))ug)us - . Jug
=ug (... uz((ua2(u12))((yur)u2))ug .. Jug = . ..
=(ur(. .. ug(uz(wrz)) .. ))((. .. (yur)uz)us . . .)ur)
=z((... ((yur)uz)us . . Ju).

Setting y = 1 shows that ug(. .. us(us(uizuy)us)us ... )uy = xr for some r = (... (ujus)us ... )ux. But if we
instead plug in = 1, we find that ug(...us(ua(uiyus)ug)us ... )ury = yr = (... ((yur)uz)us ... )ug. Thus,
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(xy)r = z(yr) for all x and y in O. Because of the non-associativity of O(F,), this can only happen if r = £1,
which in turn tells us that (... ((zu1)ug)us...)ur = £z for all z.

Now, for a fixed unit octonion w, (That is, one in which vu = 1), we can define L,(z) = ux, and
R, (x) = zu. In terms of vectors, we see that both of these do a rotation in 8 dimensions. In fact, we can
express these as a matrices

Up —ULT —U2 —U3 —Ug —Us —Us —UT

U7 (N —Ugq4 —U7 (%) —Ug us us
U9 Uy Ug —us —UuUl us —ury Ug
Lu _ us Uy us Ug —Ug —U2 U4 —Uq ’
Ug —U3Q (751 Ug () —u7r —us Us
us Ug —us u2 ur Uug —U1p —Ug
Ug —Us uy —Uy us (5% (N —U2
U7 —uUuz —Up (U5} —Us Uy U9 Ug
Up —Ur —U2 —U3 —Ug4 —Us —Us —UT
up  Ug Uyg Uy —Uu2  Us U5  —U3
Uz —Ug Uo Us Uy  —uz  ur  —Ue
R, — U3 —ur —Us  Ug Ue U2 —Ug U
Yl wa o ue —wr —us wo Uz uz  —Us
Us —Us U3 —U2 —UT Uo Uy 2
Ug U5  —UT U4 TUZ —UL  UQ U2
Uz us U  —U1 U5 —U4 —U2  Ug

Here, we are using the standard basis for O(F}), which assumes that ¢ is odd, but a similar argument can
be used for even g. Note that L, R, = RyL,, but in general, L, R, # R, L,. We are now ready to define the
automorphism 7 on the group D4(q). First off, we will state without proof that D,(q) is generated by the
elements L, for all unit octonions u. That is, each element of Dy(q) can be expressed by £ Ly, Ly, Ly, - - - Ly,
for some k. Then

T(+£Lyy, LuyyLuy - .- Lu,) = Ry, Ryy Ruy - - - R, -
This is in fact well defined, for if Ly, Ly, Ly, - .. Ly, = Ly, Ly, Ly - .. Ly, , then for all z,

ug (.. us(ug(ur2))..) = v (.. v3(va(v12)) .. .),

v (ug (. us(ug(ur2))..)) = v (O (- 03 (v2(012)) . .) = V1 (. v3(va(v12)) .. ),

o7 oyt (o (s ug(ur2) L)) L) = 2

for all z. The outstanding property of octonions above then says that

o (G (zun)ug . Dug)o ) ooy Dopt = £2

which can be unraveled to produce

(.. ((zup)ug)ug .. Jur = £(... ((zv1)v2)vs . . .) Uy,

so that
Ry Ry,Ru,...Ry, =R, Ry, Ry, ... Ry,

and hence 7 is well defined, assuming that every element of D4(q) can be expressed as a product of L,
matrices. Given this, it is clear that 7(AB) = 7(A)7(B) for all A and B in Dy4(q).

What is not so clear is what 7(+R,,) will be. Finding R, as a product of L matrices is like solving a 8
dimensional Rubic’s puzzle. Luckily, one can mimic the above outstanding property to determine 7(£R,,)
without solving this puzzle.
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Suppose that Ry, = Ly, Ly, Lus - . . Ly, , so that ug(. .. uz(uz(u12))...) = zv for all z. Then

k(- ug(uz(ur (@y)ur)ug)ug .. ug =(ug(. .. us(uz(uiz)) .. ) (.. ((yur)u2)us . . . ug)
=(zv)((... ((yur)uz)us ... )ug).

Plugging in y = 1 shows that ug(. .. uz(us(ui (xy)us)ug)us . . Jug = (xv)r for some r = ((... (uruz)us .. .)ug).
But substituting x = 1 produces ug(. .. us(ua(u1(y)ur)uz)us .. )ur = (yv)r = v((...((yur)u2)us .. )ug),
so ((-.. ((yur)uz)us .. Jug) = v=((yv)r), and so ug(. .. uz(uz(ur (xy)us)ug)us . . .)uy is both ((xy)v)r) and
(zv) (v~ ((yv)r)) for all z and y. If r = +v2, this in fact works because of one of the “accidental asso-
ciativity” properties. It is not hard to prove via Mathematica that there are no other solutions. Hence,
(- ((yun)uz)uz .. Jug) = o ((yv)v=2) = v lyv™! so Ry, RuyRuy - - Ry, = £L,-1R,-1. Therefore,
7(+Ry) = £Ly-1 Ry for all v.

But we get another bonus: 7(+L,-1R,-1) = +R,-1(L,R,) = £R,-1 R, L, = L,. Thus, 7(7(7(A))) =
A for all A in Dy(q). This proves that 7 is in fact one-to-one and onto, and so is an automorphism of Dy(q)
of order 3. 7 is called the triality automorphism, (try-AL-eh-tee) not because it is a trial to understand,
but because it forms a three-way version of duality. For no other size rotations does such a three-fold
automorphism exist.

Now, if we pick a field whose size is a perfect cube, Fis, then there is another three-way automorphism
coming from the field. In Fys, the mapping ¢(z) = x¢ will be a field automorphism, with ¢(¢(o(z))) = =,
using the same argument as complex conjugate. For a matrix A, define A to be the matrix with ¢ applied

to all of the elements of A. Then AB = AB, and also T(A) = T?Z)
Then we can define

3D4(q) = {Elements of Dy(¢®) for which 7(A) = A.}

Unfortunately, the definition of 7 makes it hard to use this definition, so we will provide another way of
calculating 2 Dy(q).

We first introduce a “twist” to the algebra O(g?) by replacing the ordinary product with a new product
* for which (ax;) * (Bz;) = aﬁ(mixj) when a and 3 are in the field Fis. (We could also use the basis
{1,e1,ea,...,e7}, but this definition works for both odd and even q.) We can call this twisted algebra
@(q?’). (Note that this twisted algebra no longer has an identity element.) We now define

3D4(q) = {The automorphisms of O(¢*).}
Note that any automorphism of O(q) extends to become an automorphism of @(q3). Thus, it is clear
that G2(g) is a subgroup of *Dy(g). Also, given any a € Fz and b € F,, we have the mapping z1 — azy,

—~ —~ ~1 ~
x9 > ba " lwy, w3 — b lAaxs, m4 — @ lazy, v5 — @ G, 16 — b(@a)"t, xr — b la, 1g — a~! will also
produce an automorphism of O(g?).

The order of 2Dy(q) is given by

°Da(q)] = ¢"*(¢®* + ¢* + 1)(¢° — 1)(¢* — 1)

For example, when g = 2, we first define Fg by letting w be a solution to 23 + x + 1 = 0. Then Z sends
w to w?, w? to w + w?, and sends w + w? back to w. Since G3(2) is a subgroup, we can use this to get us
started.

0
1+ w?

o O O

coococootoo
oooogl\j

cocoof cococo
oo f cocoocoocoo
oOf cooocooco o
oo OO0 OO
o000 OoO O
==l el e R e )
cocooco~ROOO
cocoorR,ROoOOOO
DO OO OO O
O OO0 00O OO
oo O~ OO

o oo oo o &
oo oo oo
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11011010 01 011010 101 11100
100 1 1 1 11 101 000 O0O 110 0 0 0 0 O
111001 0 1 11111111 0 01 00011
01101111 101 01010 100 0 1 1 00
0111011 1)]’fr011001O0|’fT 001010 0]
101 11100 001 00 O0O0O0 01 00 00 O0O
01100001 100 1 1001 001 00 001
11100 011 001 00O0T1FPO0 100 0 0 1 0O

These elements generate all of 3D4(2), which has 211341312 elements. 3Dy4(q) will be a new simple group
for all q.

Alternative names:

Sometimes 3Dy(q) is written as 3D4(¢3), since there are two fields involved, one of order ¢, and one of
order ¢°.

2B2(22n+1)

When ¢ is an odd power of 2, we can form a twisted group on Bs(gq). Actually, we will do the twist
on C3(q), for recall that when ¢ is a power of 2, Ba(q) ~ Ca(q). Also recall that, since we are working in
characteristic 2, Ca2(q) is the set of 4 x 4 matrices A over Fy, for which

0 0 1 0 0 0 1 0

AT 0 0 0 1 A= 0 0 0 1

1 0 0 O 1 0 0 O

01 0 0 01 0 O

We can define an automorphism on the group Cs(q) by
ailp a2 a1 ai4 a13 Aai4 ai2 a3
a21 Aa22 a21 A24 a3 424 G2 A23
a1l Q12 a1z Qai4 ail a2 ail a4 a13 a4 a2 ais
21 Q22 (a23 424 aq1  A42 ayq1  A44 A43 Q44 A42  A43
p =

asi asz asz as4 as1 ass asy as4 ass3 as4 ass  a33
aq41 Q42 Q43 Q44 41 Q42 41 Q44 a43 Q44 42 Q43
a1 a22 a21 A24 a3  a24 G2 a23
az1 as2 a31 as4 a3z a34 azz ass

If may be far from obvious that this is an automorphism on Cs(g), but furthermore, it is not an
inner automorphism. (An inner automorphism can be written as ¢(z) = g~ 'zg for some g in the group.)
Its existence has some remarkable consequences. For example, since C3(2) & Sg, this show that Sg has
an automorphism besides its inner automorphisms. This is very remarkable, since it is true for no other
symmetric group S, .

There is another automorphism of C3(22"*1) when n > 0, and that is the Frobenius automorphism from
the field o(z) = x2. That is, we let 0(A) be the matrix with each element of A squared. This automorphism
is of order 2n + 1, because ¢ = 22" +1,

When g = 2, and A € C5(2), then pp(A) = A. That is, p is an automorphism of order 2. But when ¢ > 2,
then we get a surprise: if A € Cy(q), then p(p(A)) = o(A). This means that, in a sense, p is the “square
root” of the Frobenius automorphism. This automatically means that the two automorphisms commute:
p(c(A)) = a(p(A)). But it also means that we can get an automorphism on C3(22"*1) by applying o “ n
and a half” times, giving p(c™(A)). We can now define

2B, (2°") = {A € Co(2*") for which p(c™(A)) = A}
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For example, when n = 0, we get 2By(2) to be the elements of C3(2) for which p(A) = A. This gives us
20 elements:

2By(2) =

OO O =
[T )
o~ OO
= O O O
o~ OO
—_ o oo
[
S == O
O = =
— == O
== O
= O = =
o~ OO
—_ o oo
o O O
OO = O
= O
OO O
(=i

0
1
1
0
0
1
0
1
1
1
0

OrHRPrOQO O OO0 O
H R OO0 O HO OO
R O, OO0 R kR
HOHFPO o000 RORO
COOF HERE R R == O R
HFROFE OO0 =k
HPORFRPHE DOm0 OFR O
R EE O, OO0 Rk OR
OCHOF HHLHOO RO
HRP O OoRFRRFREFR ORR R
SCP PO DR, R R~ O
e i e e i e M e B S
PR OO OO O _—m
COOFHF OFRrFRF OFFF
SO H mOoORrR ROOKR
HOORF b O RO O
COOFHF OO0 HE R R

0

This of course not a simple group. However, we do get a new simple group for n

the elements for n > 17
Clearly, ?By(2) is a subgroup of 2B(22"*1), since these 20 elements are also fixed by the Frobenius

automorphism o. But we can always find a diagonal element of 2By (22"+1)  given by

1
1
1
0
1
1
1
0
1
1
1
0
> 1. But how do we find

g 000
@"+-1)
[0 9 91 0 7
0 0 g 0
0 0 0 gt=2"")

where ¢ is a generator of the multiplicative group F5.41. This gives us one more element of 2Bs(q), but
there is good news: 2B2(q) is generated from the 20 elements of 2B3(2) and D.

For example, when n = 1, we must work in the field F5. We can let g be a root to the equation
234+ 2 +1=0. Then g will indeed be a multiplicative generator of Fg — {0}. We get 2By(8) =

g 0 0 0 9 ¢ g ¢ 9 ¢ 1 g 9 ¢ & 4
0 g3 0 0 g5 g5 96 1 0 gﬁ g5 93 0 96 g6 1
0 0 96 0 ) g4 92 g5 g4 ) O 0 g5 0 9 gﬁ g3 g5 93 PR
00 0 g 9P ¢ gt 1 0 0 ¢* ¢ @ ¢ ¢ ¢

We find that 29120 elements are generated by D and 2G(2). In general, the size of this new simple group is

|232(22n+1)| — 24n+2(24n+2 + 1)(22n+1 _ 1).
Alternative names: ?B5(22"*!) is also called Suz(2?"t1), and Sz(22"*1), the Suzuki groups. This is
not to be confused with the sporadic Suzuki group.

2G2(32n+1)

If ¢ is an odd power of 3, then we can do a similar twist on the group G2(gq). Since ¢ is odd, we can use
the 7 x 7 matrix representation of G3(g), namely, the matrices over F, which are cross product preserving.
Now, we can define an automorphism on Gz(q), when ¢ is a power of 3, to be p(A) = B, where

Ai4+2,j+2  Qi+2j+6
Ai+6,j+2 Ai+6,j+6

Qit+1,j+1  Qi+1,5+3

+ Ait+1,j+2  Qi+1,5+6
Ai+3,5+1  Qi+3,5+3

Ai+3,j+2  @i+3,j+6

b — | Bit+25+1 Q2,543
] T
@i+6,j+1  @i46,j4+3
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Here, if a subscript goes above 7, we subtract 7 from the subscript. So for example,

as7 G52
a7 G232

a41 Q45
ag,1 65

47 Q4.2
ae,7 062

asi1 ass
a21 a5

It is not clear that the matrix b = p(A4) is also in G2(q), let alone that p is an automorphism, but indeed
it is. Because the root prime is now 3 instead of 2, the Frobenous automorphism on the field is o(x) = 22,
which extends to the group G2(3?"*1!) by cubing all elements in the matrix. As in the case of 2By (22" +1),
p(p(A)) = o(A), so we have in essence a square root of the Frobenous automorphism. Hence, we can define,

as we did for 2By(22n+1),

2Go(3%"Th) = {A € Go(2*" ) for which p(o™(A)) = A}.

For example, when n = 0, we find 2G2(3) to be the set of elements in G(3) for which p(A4) = A. This
gives us 1512 elements, generated by the four matrices

21 10100 2 0 0 0000 01 00 O0O0O 100 0 0 0 O
1101 0 0 2 01 00 0O0O 001 00 O0O 000 01 0O
101 0 0 2 1 001 00 0O 0 001 0 0O 01 00 0O0O0
01 00 2 11 000 2 000 00001 0O 0000 O0T1O0
100 2 110 0000100 00 0 O0O0T1O0 001 00 0O
0021101 0000020 00 0 0 O0O01 0000 O0O0°1
0211010 0 000 O0O0 2 100 0 0 0 O 0001 0 O0O0

which, unfortunately, is not a simple group. It contains a normal subgroup of order 504 which is isomorphic
to L2(8): this subgroup is generated by the first 3 of the four matrices.

To find 2G3(3?"*1) for n > 1, we need to find some elements in this group which, together with 2G5(3),
generate the whole group. The strategy we used in 2 By(22"*1) was to consider diagonal matrices. However,
all diagonal matrices in G2(32"*1) are in G2(3), so this does not help us. However, we can use the basis
{x1,22,... 25} instead, and look at the 8 x 8 diagonal matrices in G2(32"*1) using this basis. It is easy to
see that x1 — aBx1, T2 — axg, T3 — B3, Ty = Ty, Ty > Ty, Te — B ag, o7 — o tag, 1y = (af) g
forms an automorphism of O(F,) for all non-zero o, 8 € Fj,. Converting this back to the original (Using
a = b =1 for our choice which makes a? + b? + 1 = 0) we get the matrix D(a, 3) =

—-B8-p1 0 0 gt—p 0 0 g—p1t
0 a+a =1 a+a 141 0 a—a 't 0 0
0 a+at+1l at+at-1 0 a—at 0 0
B—pt 0 0 vy B+8 0 S A B e Bl Al
0 al—qa al—q 0 —a—a"! 0 0
0 0 0 vt —n 0 —y =" vt —n
gt —p 0 0 Y4y -1 0 Y=yt AT 4y +B4+87

where we replaced a8 with v to save space. One can check that D really is an orthogonal matrix modulo
3, and in fact is an element of G2(32"*1). What happens if we apply the automorphism p to this matrix?
It turns out that p(D(c, 3)) = D(afB?,aB~t). That is, p applied to the above matrix is the same thing
as replacing every a with af?, every B with o371, and every v with o?3. From this, we can see that
p(p(D(e, B))) = D(a?®, B%) = o(D(a, B)).

To get this to be a member of 2G5 (32"*1), we need p(c™(D(c, B8))) = D(«, 8). This will happen if both
a?" 423" = o, and o" 73" = B. Both of these equations can be solved by letting o = 6(3"+1+1), since
5(3%“*1) = 1. Thus, if we let 3 be a generator of the multiplicative group Fy, and let a = 5(3n+1+1) and
v = BB 42 then the D(a, B) listed above will be in 2G5(32"+1). In fact, this matrix, along with the 4
other matrices in 2Gz(3) mentioned above, will generate ?Ga(32"*1).

This will produce a new simple group for n > 1. The size of the group is given by

|2G2(32n+1)| — 36n+3(36n+3 4 1)(32n+1 _ 1)
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For example, when n = 1, we get 2G2(27) with 10073444472 elements.
Alternative names: 2G5 (3?"1) is also called Ree(3%"T1), or R(32"*1), the Small Ree groups.

Fy(q)

To define the next Chevalley group, we will introduce the Albert algebras. Normal multiplication of
n X n matrices is associate, but not commutative. However, if we define a new multiplication

Ao B = (AB + BA)/2

we get a commutative multiplication, with the identity element still being I. Of course, we lose associativity,
but this new product satisfies the Jordan identity

((AocA)oB)oA=(AoA)o(BoA).

A Jordan algebra is an algebra (that is, a ring without associative multiplication) for which the Jordan
identity holds. We can construct a special Jordan algebra with the help of the octonions.

Consider the set of all 3 x 3 matrices with elements in O(F,) for which AT = A, where A is the matrix
formed by taking the complex conjugate of all of the entries of A. This forces the diagonal elements to be

in Fy, and in fact, we can express all such matrices as

A:

< g o
gl o 8
o 2 <

where a, b, and ¢ are in Fj, and u, v, and w are in O(F,). We can abbreviate this matrix by the 6-tuple
(a,b, clu,v,w). We define the product of two such matrices by Ao B = (AB + BA)/2, and in spite of the
non-commutativity of the octonions, we find that the Jordan identity holds. Even with the abbreviated
6-tuple, the product can be quite cumbersome. We get (ay, b1, ¢1|ut, v1,w1) o (az, ba, calus, va, we) =

wW1Wse + V1V + waWi + Vav1 Wiwa + Utz + Waw1 + U2y
ajaz + 9 ,b1bo + 2 y

V1032 + Ui Uz + V201 + U1 | W1V + W21 + brug + caur + baur + crug
2 2 ’

cico +

ULWo + UsW1 + A1V + CoV1 + AoV + C1U2 Uil + Valy + ajWs + bowy + aswy + biws
2 ’ 2 '

Of course this formula will not work if ¢ is even, since we then cannot divide by 2. So as with O(q), we can
change the basis to a split form so that o can be defined without any division.
If ¢ is odd, we can let
Yo = (_17171|0a050)7 y(l) = (17_171‘05070)a yg: (1717_1|07070)a
and for 1 <14 <8,
yi = (0,0,0[2;,0,0), y; = (0,0,0]0,2xz;,0), yi = (0,0,0]0,0,2z;).
Then we have the following products, for ¢,j > 0:
YooY =YoOoUo =Yy ©Yo = Yo+ Yo+ Yy =1,
YoouUo=—Y0,  Yo°UYo=-Yo. Yo O°Y =Y
YoouUi =Yis  YoOoUi =Y Yooui =y
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Yooy =Yooy =YooUi=YooU; =Yooy =yoou;=0,
vioyoi=yo+ 1 wiovo;=vyo+ 1, yiovs;=yg+1
yioy; =yioy; =y oyl =0if j #£9—1,
Yioy; = eyy, Yi oy = ey, yi' oy; = ey, where € is choosen so thatw;z; = €Tf.

Because all of the products for this basis do not involve any division, we can define J(Fy), the Albert algebra
over the field Fj, by these products. We can then define

F,(q) = the automorphism group of J(Fy) in split form.
That is, we first can express an element of J(Fy) as
i0Yo+i1Y1 +i2y2 +i3ys +iays+isys +isic +iryr +isYs+Joyo + 1YL +eys I3yt +iaya+Isys +Jeys + 7Yz +Isyk

+hoyy + k1yl + kol + ksyh + kayl + ksyt + keig + kryy + ksyl .

Then each element of Fy(gq) can then be represented by a 27 x 27 matrix. Actually, we could get by with a
26 x 26 matrices, since the identity element must map to itself, but this would destroy the 3-fold symmetry.
So what are the automorphisms of J(F})? One can easily check that because of the 3-way symmetry,

(a, b, clu,v,w) — (b, e, alv,w,u)
is an automorphism, along with the mappings
(a,b, clu,v,w) — (a,c,blu,w,v), and (a,b,clu,v,w)— (a,b,clu,—v, —w).

However, we need another way to express these automorphisms, since using 27 by 27 matrices would be
prohibitive. One way to express many of the automorphisms is via cycles. For example, we can express the
first of these two by the product of 3-cycles

(Y0, Y0, Yo ) (w1, v1, vi) (2, o, ¥ ) (U3, v, U5 ) (Yas Yo v ) (Ys, U5 v ) (Y6, Y6, ¥6 ) (Y7, ¥, U7 ) (s Ui, Ys )

This means that for every element of J(F,), we replace yo with y;, replace y; with yg, replace y; with yo,
replace y; with yf, etc, to produce a new element of J(F;). The second automorphism can be expressed via
2 cycles

(Y0, 0) (Y1, —y1) (2, —y2) (Y3, —v3) (Ya, ys) (Ye: —ve) (Y7, —y7) (Y, —ys)

(W =) (o, —v2) (W, —ys) (W ) (s, ) We =6 ) (7> =7 ) (Us, U8)-
This means that y; is replaced with —y;, ¥ is replaced with —y7, and since —y/ is replaced by y; we have
y} replaced by —y}. With this new notation, we can now express some other automorphisms of J(F,):

1

= (Y2, —y2) (W7, —y7), Wa, —ys) (W3, ve) (W1, ¥2) (W3, va) (W5, ve) (s ys) (WY =2 ) (W5, v ) (e, v ) (w7, —uk ),

s = (Yo, ¥6 ) (W1, 1) (3, ¥5) (Y6, v6) (Us> ¥&) (Y25 Yas =2, —Y4) (Us, Yar —Ys> —Y5) (Ya, Yoy —Ya, —Y7)

(yr. y5. =y —5) (W1, v, =y —y5) (Y4 v5) (Y6, —s —ve» ys ) (Y5, ) (Y7, —v7),
It is also a rather straightforward calculation to show that

(a, b, clu, v, w) — (a,b, c|zu, vz, ZWZ)

is an automorphism whenever z is a unit octonion.
Another way we can represent more complicated elements of Fy(q) is by indicating where the base
vectors are mapped to, which do not map to themselves. For example, the mapping

yr = yrtayy,  yr ey tayy, Y yr dayl,  ys e ys —aya,  Ys — Ys — b, Y Ys — ayh
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is an automorphism of J(F,) for every a € F,,. Every base vector not mentioned here is mapped to itself.
Here is another example:

Yo Yo+ ays, Yo Yo —GYs, Y1 YL+ ayn,  Ys i Ys —ays Y2 & Y2 —ayh,  Yp = Yr +ayz,

Ys > Ys — ayh, Yo Yo+, Ys — Ys +ayh,  yh — yh —ays,  yi = yi — ayo + ayy — a’yy.
We can define the trace of a matrix to be the sum of the diagonal elements. So the trace of the matrix
corresponding to (a, b, c|u, v, w) is element of F, given by a+b+c. It can be shown that any automorphism of
JI preserves the trace, that is, if ¢ is any automorphism, then Tr(¢(A4)) = Tr(A). We can then define an inner
product on JI, by saying that A- B = Tr(A o B). Then two matrices are orthogonal if Tr(Ao B) = 0. So any
automorphism will send orthogonal matrices to orthogonal matrices. (Care must be taken in characteristic
3, since the identity matrix would have trace 0.) We can also define the triple product of three matrices
by Tr((A o B) o ('), which is reminiscent of the triple product of vectors @ - (¢ x &f). It is clear that
Tr((Ao B)oC) =Tr((Bo A)oC), but what is surprising it that Tr((Ao B) o C) = Tr((Ao C) o B) as well,
so that the order of the three matrices do not affect the triple product. The trace is of great assistance in
finding the automorphisms of JI.

The group Fy(q) will always give us a new simple group, whose size is

|Fu(a)l = ¢*(¢" = 1)(¢® — 1)(¢° — 1)(¢* — 1).

However, it becomes a major challenge to determine what the elements of this group are. However, if we
know where an automorphism ¢ sends y1, ¥, y7, ¥s, and yf, then we can see where ¢ sends all of the other
base vectors. (¢(y})) = —o(w1) o G(w}), d(wh) = —o(uwf) o b(wr), etc.)

For example, to find the “diagonal” matrices of Fy(q), we can assume that ¢(y1) = ay1, é(ys) = Bye,
d(y7) = vyr, o) = dyi, and ¢(ys) = €(ys), where a, 8,7,6, and € are elements of F(q). After some
computation, we find that ¢(1 + wo) = aBv5%e(1 + wo) But since ¢d(wg) o p(wp) = ¢(1) = 1, this forces
aBys?e = 1. If we let € = (afv6?) ™!, we get the following automorphism of J(F):

yi = ayr, Yy (Bv0) ML,y e —adyy,
Yo = 'y, Yo aByh,  yh — —(v8) Tyl

-1,

ys = B ys,  yh e avdyhs,  ys e —(88) M,

—1,.n

ya = afy8ya, Yy 0yl = —(aBy8) My,
ys — (aBy8*) Mys,  ys e Ous, ys = —aBydys,
Yo — Bys, Y6~ (@v6) e, yg — —Boyg,
yr = yyr, yp e (aB) N, yi —A0yy,
ys o lys, Yz = ByOyg, ug > —(ad) g

We will call this diag(«, 3,7, 0), which are the diagonal elements of Fy(gq). We now have given enough
elements of Fy(q) to generate the entire group.

2F4(22n+1)

When ¢ is an odd power of 2, we can define a similar twist as we did with G5 and By. The plan is exactly
the same: we define an automorphism p that sends elements of Fy(q) to Fy(g) such that p(p(4)) = o(4),
where o(A) is the field automorphism, which in this case squares every element of the matrix A. In this
case, though, the matrices are 27 x 27, and so if we have B = p(A), we would have to have 729 formulas to
describe the entries of B. (Unlike the situation we had for G, there is not a single formula that works for
all entries.) It is clear that we need a different strategy for computing p(A).
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To define how the operator p applies to an automorphism ¢, we will first introduce a new kind of
product on the elements of J(F;). We define the product x so that the distributive law holds, and we have
the following products of base elements:

/ / / / / / / / 1 1 1 1" 1 /! /! /!

XN YL|Y2|Y3|Ya|Ys| Ys| Y| Ys XYL Y2 | Y3 | Ya| Ys| Ys| Y7 | Ys XNYL|Y2 | Y3 | Ys | Y5 | Ye | Y7 | Ys

/ / /! /! / /! / / /1 /! /1 / / /1 /1

yi|| 0]y yé’ Yol Y| Y1 | Y2| Yo yill O yr|ye | vi|Ya|vs| Us| Yo yi/ O |yr|ys | ya| Y| Ys | Ys| Yo

/! /! / / / / /1 /! / / / /! /! / /

vollyi| O |wa|ws|us|ws|wolyr| |wallve| O ws vl |vs | vs|volval vyl O ur|ws| vl |ys|volvs

/ /" / / /! / / /!

ys||va | va| O | ve|ys|vo|ye|us| |vs|lwa|val O|y2|ve|vo|le|ve| |¥s||lvz|vi]| O|ys|v2|yo|vs|va

/! / / " / " /! /

va|lya|ys | ve| O 1 valug|vs| |va|lvi|wi|v2| O 1 ys|wi|vs| |wi| valvs|vs| O 1|yr|yg|yr

/! / " / " /! /

ys||vi|ys|ys| 1] O ys|ud|vz| |ws||va|vs|ve| 1| 0| yr|ug|vs| |¥5| valvl|ve| 1| 0| ya|ys|ys

/ /! / /! / / "

Y|l Yl | vs|yo|valys| O ys|u7| |vs| ws|vs|vo|ys|yr| Oy u7| | w6 || vs|ys|vo|yr|val O ys|yz
! !/

yr|lv2| o | ve|ve | vi|vs| O |us| |yl vs|vo|ve|va|ve|vr| O ys| |u7| ve|wo|ve|vs|vs|ys| Oys
ys|| yo | vr | vs | vs | vz |v7 | ys| O | |ws||vo | va|ve|vs|vs|vr|ys| O |us | vo|ys|va|vr|ys|yr|vs| O

any products not mentioned in this table will be 0, such as yo x z = 0 for all z, or y; X y} = 0 for all ¢ and
4. Although this multiplication is commutative, it is far from associative, and is only defined to explain how
the operator p works.

If ¢ is an automorphism on J(F,), with ¢ a power of 2, then p(¢) will be another automorphism which
sends

y1 = (9(y1) x d(y2) + d(y1) x d(yz) + d(yy) x d(y2)),
Yo = (D(ys) x d(ya) + &(y5) x d(ys) + d(¥i) x &(y7)),
yr = (9(y2) x d(ys) + d(ys) x d(ye) + d(yy) x d(ys)),
ys = (6(ys) x ¢(ys) + ¢(y1) x d(yz) + d(ys) x d(y4)),
Ys = (d(ye) x d(yr) + d(ys) x d(ys) + d(ys5) x d(vg))

The rest of the automorphism is determined by where p(¢) sends these 5 elements. Actually, though, you
may notice a pattern here—each base vector is mapped to the sum of three terms, each of which is determined
by the three ways a x product can equal that base vector. That is, since y¢ = y3 X y4 = y5 X y5 = yi X y%, we
see how the three terms for the formula for yg are created. This pattern works for all base vectors except yo,
y6, and y(j. But for these three base vectors, we can use the property that yo =y10ys — 1, y) = vj oy§ — 1,
and y5 =y} oy§ — 1 to finish the automorphism.

Here is an example to demonstrate how this works. Suppose that we start with ¢ to be the automorphism

yrryrtay, Yo yhtayy,  yr e yr +ay,
Yys — yYs +aya, Yy =Yg +ayy, Y8 e Ys +ays,
where a is an element of F,. Then p(¢) will map
o= (1) X (y2) + (1) x () + (01) X (45) = w1+ 1 +v1 = 1.

Yo = (y3) x (ya) + (y3) x (y5) + (1) % (y7 +ayy) = ys + yo + (Y6 + 0) = ye.
yr = (y2) % (ys +ay2) + (y5) % (ys) + (W) x (y6) = (y7 +0) +yr +y7 = yr.
Ys = (y3) ¥ (ys) + (y1) x (y7 +ayy) + (y3) % (Y1) = Y5 + (y5 +0) + y5 = ys.
Y5 = (y6) X (y7 +ay1) + (y4) x (s +ays) + (y5) < (y§ +ays) = (y5+ayy) + (ys +ayy) + (ys +ayy) = y5 +ayy.
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The rest of the automorphism can be determined from these. The base vectors which do not map to
themselves are given here:

Yo Yo+ ayr, Yo & Yo +ayi, Yy — Y4 +ayy,

Ys = s Hayl, Y6 Yo tayy,  yg g+ ays,
yreryrtays, o yr eyt tays, s ys +ay +ayg +ayn,
Ys — Ys T ays, g ug +ayl.
For a more complicated example, let us consider what p(p(¢)) is, that is, we will do the same procedure
to this new automorphism. We see that p(p(¢)) will send
y1 e (1) X (y2) + (1) < () + () x (W3) = w1 + 1 + 91 = 1.

Yo > (y3) % (ya) + (y3) % (y5 +ayy) + (¥7) x (¥7 + ay3) = yo + (y6 +0) + (y6 +0) = ye.
y7 = (y2) X (ys + ayy + ayg + ay1) + (y5 + ayy) x (v + ays) + (y4 + ayy) ¥ (yg + ayy) =
(y7 + 040+ a?y1) + (yr + 0+ 0+ ay1) + (y7 + 0+ 0+ a’y1) = yr + a’ys.
ys = (y3) x (ys) + (¥1) x (v7 + ays) + (y5) x (y4 +ayy)) = ys + (y5 +0) + (y5 +0) = ys.
Ys = (Ye) % (y7) + (y1) % (ys +ays) + (y5) x (y§ + ayy) = ys + (y5 +0) + (y5 +0) = ys.

So far, this is looking just like the original ¢, only with a replaced with a?. Since these five determine
the automorphism, we see that this pattern must continue—p(p(¢)) is given by

yr = yr +a’yn, yh ey, vl e g+ dyy,

Ys — Ys + a’yo,  ys - ys +a’yh,  yk — 4+ a®yl,

and fixes the other base elements. It is obvious in this case that this is just ¢ with all of the coefficients
squared. In fact, this will happen for all automorphisms ¢, and so p(p(A)) = o(A), where o is the field
automorphism of Fj.

Now we can proceed as with 2By and 2G5. We let

2Fy(2°77Y) = {¢ € Fy(2°") for which p(0"(¢)) = ¢}.

To find the elements of 2F;(22"*!), we will begin by determining which of the diagonal elements of
Fy(227+1) are in 2F(227+1). We can see that p(diag(c, 8,7, d)) sends

y1 = ay yn, ye o aydiys, yr e (ay) T yr ys e (aB?80) Ty, b > By

Thus, p(diag(a, 8,7, 9)) = diag(ay™t, ayé?, (ary) ™1, Bv). In order for this to satisfy p(c"(¢)) = ¢, we need
to have

a@A2) g g@D4EN5@) g (202 o and B4R — 5

Because z2°""") = z for all z in the field, we find that all four of these equations is satisfied if « = ’Y(_QHI_D

and § = 32"~ Thus we see that

)

. _on+1__ n n n
diag(y("2"" =D, 8,5, B2 € 2, (22041,

Here are some other elements of 2F;(22"+1), in fact, these are in 2Fy(2):

11

7= (Y, y5) (U3, ¥6) (W1, ¥2) (3, ya) (W, Y6 ) (W7, ¥8) (WY 9) (3 v ) (Wi ve ) (W7 > U8 )-
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5= (Y0, 90) (W1, Y1) (W3, ¥5) (Ys U6) (Ys» ¥s) (Y2, Y1) (U5, Y2 ) (Ya, y7).-

21y = Yo YL, Yo Yo F YL, vl eyl W, ys e us Y Yo Yo T UYs Y6 Yg T+ Vs

yreyrtyn, yr e yr Ry tys, v ey Hyl s ys o ys Huo Yo Hyn F e, Ys o ys +ys + s,
Ys > Y8 + s + YL
tiyo—=yo+ut, Yo Yot+us, Y yityl, vy tuh, Ys—ys+ys, ys — s+l
Yo yi s, Yl Yl Yo+t yo s, Ys Yty tys H kY5 s+ Y,
Yo = Y6+ Yss Y yrtys, Yre Yt yatysyn ysys s YS Y8 G-

Ty Yoty Yo Yo Tyss Yy Hui s, yar yhtyrtul, vl e ys HY Ys e ys s

Ys = ys+us +ys, Yarryatyotuo +ys+ys, yar yitys, ys—us+ul +Hye, s —us Hys s

Yo — Yo+yo+yo +ys+Ys, Yo Ve TUL, U = Y +YitUs, U7 = Y7 tyrtys,  Us — vstur YT, ys = ys tur.

These elements, together with the diagonal elements that we found, will generate all of the group 2F;(227+1).

The group 2Fy(2) is not simple, which is not too surprising since 2B3(2) and 2G3(3) were not simple.
What is surprising is that 2F,(2), containing 35942400 elements, contains a simple group which we have not
seen before! The Tits group is a subgroup of 2F4(2) containing half of its elements, 17971200. Technically, the
Tits group is not a Chevalley group, so it should be classified with the 26 sporatic groups. But historically,
the Tits group is considered to be an “honorary” Chevalley group, and is denoted by 2Fy(2)’, where the
prime indicates the derived subgroup, which in this case produces the subgroup with half of the elements of
2F4(2).

If n > 1, then 2F;(22"*1) is a new simple group, whose order is given by

‘2F4(22n+1)| — 224n+12(212n+6 + 1)(28n+4 o 1)(26n+3 + 1)(22n+1 o 1)
Alternative names: 2F;(22""1) is also called Ree(22"*1), or R(2%2"T1), the Large Ree groups.

Es(q)

Normally, one cannot take the determinant of a matrix when the elements are from a non-commutative
ring, let alone a non-associate one. However, there is a natural way to define the determinant of an element
of J(Fy).

= abc + 2Re(vvw) — aut — bvv — cww.

< g o
gl o 8
o 2 <

Note that this is well defined, since Re((uv)w) = Re(u(vw)). This is easy to see because both sides are zero
if u,v,w all come from the set {1,e1,es,...,er} unless u, v, and w lie in a quaternion subalgebra, which is
associative. In fact, Re(uvw) = Re(vwu) = Re(wuv). However, Re(uvw) is not always the same as Re(wvu).
Beware that many of the familiar identities such as det(x o y) = det(x) det(y) are no longer true. Note that
this will work even in characteristic 2, since we can rewrite 2 Re(uvw) as (uv)w + (uv)w. Notice that if z is
in J(Fy), then det(z) € F,.

If we say that

U = UIT] + U2X2 + U3T3 + UsT4 + U5T5 + UsTe + UTT7 + URTS,

UV = V11 + V2X2 + V3T3 + V44 + UsTs + Vg + U7T7 + VIS,
W = wW1T1 + Wak2 + W3T3 + Wexq + W5T5 + WeTe + WrT7 + WTs,

then we find that
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det(x) = abc—aujug — ausuy — auzug — aug s — bvy vg — bug vy —bugvg — bugvs — Cw Wg — CWa W7 — CW3WE — CW4WS

—UV4LW] — UTVW1 + UgU7 W1 — UFVIW] + UIVIW2 — UTVU5W2 — ULV7W2 — UIVIW2 — UKVW3 — UgUsW3 — U4LVgW3
FUVgW3 — UTV2W4 — UgV3 W4 + UgV4Wy — UIVW4 — UgV1 W5 + UsV5W5 — U3VeW5 — U207Ws5 + UrV1We — U5V3We
—U3V4We — UIV7We — UV1 W7 — U5V2W7 — U2V4W7 + UIVeW7 — U4VIWS + U3V2WE — U2V3W8 — UL V5WS.

This actually forms a simple pattern: the term —u;v;wy, appears if x;x;2, = —x4 or —x5, while +u;vjwy,
appears if x;x;x = x4 or T5.

If we consider x to be a 27 dimensional vector, then we can consider a 27 x 27 matrix A, and Az can
then be considered in J(F,). This allows us to define

Es(q) = {27 x 27 matrices over Fy such that det(Axz) = det(z) for all z € J(F,)}/ £ 1.

As we have seen many times before, we have to factor out the center of the group +1, where 4 is shorthand
for all solutions to the equation w® = 1 in the field F,. There will be 3 solutions to this equation if ¢ = 1
(Mod 3), overwise there £1 is just I.

In fact, we can express the determinant in terms of the trace and o operations, as long as ¢ is coprime
to 6,

det(z) = %Tr(x oxox)— %Tr(x ox)Tr(x) + éTr(:v)?’.

Since Tr((x o z) o z) = Tr(x o (x o x)), this is also well defined. Because the determinant can be defined in
terms of the trace, any element of Fy(q) is in Eg(q), or at least is in one of the cosets if ¢ =1 (Mod 3). This
immediately shows that Fy(q) is a subgroup of Eg(gq). In fact, any element of Eg which sends the identity
element in J(F}) to itself must be an automorphism. This gives us a much faster way of determining whether
a mapping is in Fy(q).

Notice that we have changed the basis vectors slightly from the previous two sections. There we had

Yo = (_17171|0a050)7 96 = (17_171‘05070)7 y(/)/: (1717_1|O7070)7
and for 1 <i < 8,
y; = (0,0,0|2z;,0,0), yi = (0,0,0|0,2z;,0), v =(0,0,0|0,0,2x;).
If we introduce y9 = yy+yo = (2,0,0]0,0,0), y§ = yo+yy = (0,2,0/0,0,0), and y§ = yo+y, = (0,0,20,0,0),
we find that we can then scale all base vectors by a factor of 2, hence scaling the determinant by a factor of
8. Thus, if we let
9o = (1,0,0]0,0,0), 9o = (0,1,00,0,0), 9o = (0,0,1]0,0,0),
and for 1 <i <8,
Qi = (07070|xi70a0)7 Q; = (05070|0axia0)5 y;/ = (0a050|070axi)a
then any element x of J(F,) can be written as
T =101 + 202 + 1393 + 14Ya + i5U5 + i6Ts + 1797 + i8Ys + afo
+ J1in + Jo2Us + 3305 + Jaly + JsUs + Jelie + G707 + Jslis + bUg
+ k1) + ki + ksys 4 kady + ksUs + kels + ko0 + ksls + clg
Then det(z) would be given by the above formula. Although this new basis would affect the o product, we

are not using this product in the definition of Fg. In fact, we can still use most of the original basis, since
Ys — Y5 + y§ does the same thing as g5 — J5 + 7.
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Let us first consider the diagonal elements of A that are in Fg(g). Of course we would get the diagonal
elements that are in Fy(q),
gy ayn, gy = (B90) e —adyd,

-1

Yo = v e, yy e aByy, s e —(v0) Ty
ys = B ys,  yh— andyh, ys — —(B6)1yf,
ya = aBy8ya, Yy 0yl = —(aBy8) My,
ys = (aBy8%) ys,  ys e Ous, ys = —aBydys,
Yo = Bys,  ys — (v6) s, yg — =By,
yr = yr, Yo (aB8)lyr, yE — 20y,
-1,/

ys = o tys,  yg = BYOouk, yE = —(ad) tyg.

But we can also consider multiplying this by
Yo €ty Yo (s, s e eCys,

ys =€ ys,  ys = s,y eCuy,
ys = € ys,  yg (g, w8 eCug,
ya e €l yhe eyl e Qo
Ys > CYs, s € CTYE, Y eyl
Yo > €ys, Yo CYb, Yo € Ty

where € and ¢ are non-zero elements of Fj.

There is another way of finding elements of Eg(q) due to an important property of the determinant. If
A'is in Eg(q), so that det(Az) = det(x) for all z, then det(A”x) = det(z) as well, so that AT € Eg(q). Note
that if A happens to be in Fy(q) as well, AT may not be in Fy(q), since AT may not fix the identity element.
None-the-less, the transpose of all of the elements of F;(q) will be in Fs(q), and together with the diagonal
elements mentioned above, we generate all of Eg(q).

Eg(q) will be a new simple group for all g, whose size is

36

1250 = Gep g =@~ D@~ D@ - D@ - D@ - D& 1),

*E¢(q)

The fact that AT will be in Fg whenever A € Eg(q) suggests that we can create an automorphism as
we did for L, (q). By defining 7(A) = (AT)71, we find that 7(AB) = 7(A4)7(B), and 7 will be of order 2.
Now if we consider a field of size ¢2, there will be a complex conjugate operation of order 2 as well. So just
as we did for U, (g), we can consider the set of elements of Eg(q?) for which 7(A) = A, or equivalently,

2Es(q) = {27 x 27 matrices over F,2 such that ATA = I and det(Ax) = det(x) for all x € J(F,)}/ £ I.

This will give a new simple group for all ¢, whose size is

36

*Es(q)| = m(q12 —1)(¢° + 1)(¢® = 1)(¢° = 1)(¢" + 1)(¢*> = 1).

Alternative names: 2Fg(q) is sometimes written as ? Eg(g?), since the field used is of order ¢.
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E7(q)

To introduce E7(q), we introduce a sort of conjugate operator on J(Fy). If A € J(F,), with

A:

SERSIS
g o 8
o 2 <

we define L

bc—uwu vu—cw wu-—bu
A=|uw—-—cw ac—vv0 wWU-—au
uww—bv vw—au ab—ww

Then A has an amazing property:

We now consider a 56 dimensional vector z = (p, P, ¢, Q)), where p,q € F, and P,Q € J(F,). We define
the two polynomials on x as follows:
Cl (:17) =Po Q7
Ca(x) = (pg + Tr(P o Q) + pTr(Q 0 Q) + gTr(P o P) + Tr(P o Q).
Then E- is the set of automorphisms on these two polynomials. That is,

E7(q) = {56 x 56 matrices A over F, such that Cy(Az) = C1(z) and Ca(Ax) = Ca(x) for all x}/ £ 1.

This produces a new simple group for all ¢q. The size of the group is

63
1B2(0)| = Gapa, =@~ V@ = Dl =D - D@ = D - D& - 1),

which is starting to get enormous. Even the smallest such group, E7(2), contains
7,997,476,042,075,799, 759, 100, 487, 262, 680, 802, 918, 400

elements.

Es(a)
The final Chevalley group is extremely complex, and I have not found an easy explanation Eg. Perhaps

someone can help me to explain this last group, and finish the project. I can say that Eg(q) will produce
new simple groups for all ¢, and that

1Es(q)l = ¢"°(¢” — D)(¢** = 1)(¢* = 1)(¢"® = D(¢"* = D)(¢"™ = 1)(¢* = 1)(¢* — 1).

These groups are of ridiculously immense size. In fact, the smallest Eg group, Fs(2), is larger that the
Monster group.
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